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Go al Uhderstandingo

. Richard Feynman
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Go al Utderstandingo

‘ Stable Fluids, 1999

!’:"‘ The art of fluid sim.

Understand fluids
Explain -
Program W ..
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Go al Understandingo
4 )

[ have no formal background in fluid dynamics. I am not an engineer nor
do I have a specialized degree in the mathematics or physics of fluids. I am
fortunate that I did not have to carry that baggage around. On the other
hand, I do have degrees in pure mathematics and computer science and
have an artsy background. More importantly, I have written computer
code that animates fluids.*

I wrote cadewbattom line.

| wrote code
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Part. 1 Optimal Transport

Go al Understandingo

Your mission statement:

1. Understand the stuff

2. Explain it in simple terms

Be a good teacher, to others and to yourself
Know what you know and
Try to know what you d

3. Program it
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Interpolating functions
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DISPLACEMENT (NTERPOLATIoN

.&zu&,




Part. 1 Optimal Transport
Interpolating functions

DISPLACEMENT (NTERPOLATIoN

.&zu&,




Part. 1 Optimal Transport
Interpolating functions

DISPLACEMENT (NTERPOLATIoN

.&zu&,




Part. 1 Optimal Transport
Interpolating functions

DISPLACEMENT (NTERPOLATIoN

.&zu&,




Part. 1 Optimal Transport
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Part. 1 Optimal Transport
Gaspard Monge - 1784

€66* MeEmoIrEs pE L'Acapfmie RovYarLE

MEMOIRE

JUR L A

THEORIE DES DEBLAIS
ET DES REMBILAIS
T —
Par M. M ONGE.

I orsQu'oN doit tranfporter des terres d'un lien dans un
autre, on a coutume de donner le nom de Déblai au
volume des terres que 1'on doit wanfporter, & le nom de
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Gaspard Monge i geometry and light




Part. 1 Optimal Transport
Monge-Brenier-Villani, the french connection

Cédric Villani Yann Brenier
Optimal Transport Old & New The polar factorization theorem
Topics on Optimal Transport (Brenier Transport)
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Optimal transport
geometry and light

[Caffarelli, Kochengin, and Oliker 1999]
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Video-style transfer,
Barycenters / mixing textures A.l1 ., ndata sc

[Nicolas Bonneel, Julien Rabin, Gabriel [Nicolas Bonneel, Kalyan Sunkavalli, Sylvain

Peyr# Hanspeter Pfister] Paris, Hanspeter Pfister]
) [Marco Cuturi, Gabriel Peyré]
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Optimal transport - geometry and light

[Chwartzburg, Testuz, Tagliasacchi, Pauly, SIGGRAPH 2014]

Target Optimization

receiver v
source surface target norrnals target surface
incident
1llum111at10n ------- -
......... >
......... - >
caustic
generator -
ource target target
1rrad1ance irradiance irradiance
Optimal Transport A




Part. 1. Motivations

Discretization of functionals involving the Monge-Ampere operator,
Benamou, Carlier, Mérigot, Oudet
arXiv:1408.4536

The variational formulation of the Fokker-Planck equation
Jordan, Kinderlehrer and Otto
SIAM J. on Mathematical Analysis

Geostrophic current
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?
d
T

How to Amorpho a shape i1 nto
while minimizing the neff or

The nefforto of distaree deteveen thelshapes f

I”“faf—



Part. 1 Optimal Transport

?
d
T

How to Amorpho a shape i1into
while preserving mass and minimizing the effort ?
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AMI nNni mum act. i
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?

H
T

How to Amorpho a shape i1into
while preserving mass and minimizing the effort ?

/ N\

Nnconservation R@woEl mMum acti
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OT=
Nnminimum action principle

Yann Brenier:
NEach time the Laplace op
it can be replaced with the Monge-Ampereo p er a
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OT=
Nnminimum action principle

Yann Brenier:
NEach tLlLaneee opdanaeor is used in a PDE,
it can be replacedwith the Monge-Ampereo p er a

Fast Fourier Transform
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Part. 1 Optimal Transport

OT=
Nnminimum action principle

Yann Brenier:
NEach tLlLaneee opdanaeor is used in a PDE,
it can be replacedwith the Monge-Ampereo p er a

Fast Fourier Transform Fast OT algo. 7?7

New ways of simulating physics with a computer
2o —




Optimal Transport
an elementary introduction

T
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(X:e) (Y;3)

Two measures ¢, 3 such that lck(x) = lda(x)
X Y
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- n

(X:e) (Y;3)

A map T is dransport mapbetweere ands if
e(TY(B)) = 3(B) for anyBorel subset B of Y

(Borel subset = subset that can be measured)
.&’zu&,
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Part. 2 Optimal Transporti Mo n-g erébtem

. m

(X:e) (Y;3)

A map T is dransport mapbetweere ands if
e(TY(B)) = 3(B) for anyBorel subset B of Y

Notation: if T is atransport mapbetweere ands

then one writess = T#¢ (3 is thepushforwardof €)
.&’zu&,



Part. 2 Optimal Transporti Mo n-g erébtem

- m

(X:e) (Y;3)

Mo n gproblem:
Find a transport map T that minimizes C(T%JE || X T T(X) ||? de(x)

I‘“‘&f—



Part. 2 Optimal Transport i Mo n-g erébem

Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

ADifficult to study

Alf € has an atom (isolated Dirac),
It can only be mapped to another Dirac
(T needs to be a map)
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Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

o L1 43

[

Transport from a measure concentrated on L, onto another one concentrated on L, and L,
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Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

777/, f/

2

Transport from a measure concentrated on L, onto another one concentrated on L, and L,
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Part. 2 Optimal Transport i Mo n-g erébem

Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

i/ yd ' / .v‘/l / o /% s g /w d ¥

£’, P8 { I/ ;,/ i < IETTRI) A Ao s / "»-/-",/./"1"

S g4 giis il gt il il il AL S /7
! - & o . ?

- R 'S ! 1

Transport from a measure concentrated on L, onto another one concentrated on L, and L,

I&'z

The infimum is never realized by a map, need for a relaxation




Part. 2 Optimal Transport i Kantorovich

Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

Kant orovi c(h9dx: probl e

Find a measure defined onX X Y
such thallJ,, , do(x.y) = da(y)
andJ,, v do(xy) = de (x)

that minimized A L |1 x 7 y |12 dogwy)

\ .
2
’.' s
L I8 =
V4
I lrrzia—~



Part. 2 Optimal Transport i Kantorovich

Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

Kant orovichos probl em:

Find a measure defined onX X Y
such thallJ,, , do(x.y) = da(y)

and Uin v d:)(x,y) = dg (X) How much sand goes from x to y

m(Xx,y) O

that minimized A, L |1 x 7 y |12 dogy)
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Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

Kant orovichos probl em:

Find a measure defined onX X Y
such thallJ,, , do(x.y) = da(y)

and Uin v d:)(x,y) = dg (X) transported from x s u ms €(t ¥0) ¢

Everything that is

that minimized A L |1 x 7 y |12 dogwy)

I"'m’“f—



Part. 2 Optimal Transport i Kantorovich

Mo n g m@dblem:

Find a transport map T that minimizes C(Tuc || XT T(X) ||? de(x)

Kant orovichos probl em:

Find a measure defined onX X Y
such thallJ,, , do(x.y) = da(y)

and UinY dg(x,y) = dg (X) transportedtoy s u ms 3(t yo) ai

Everything that is

that minimized A L |1 x 7 y |12 dogwy)
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Transport plan i example 1/4 : translation of a segment
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Transport plan i example 1/4 : translation of a segment
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Transport plan i example 2/4 : spitting a segment
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Observation 1. If (Id x T)tu € w(u,v), then T pushes p to v.

Proof. (IdxT)fu belongs to 7w(u,v), therefore (Po)f(IdxT) i = v, or ((Py) o (Id X T)) fu = v, thus Ty =v O

With this observation, for transport plans of the form v = (Id x T)#u, (K) becomes

{n / ez, y)d ((1d x T)ﬁu)} _ min{ / c(m,T(x))dM)

Q
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Transport plan i example 3/4 : splitting a Dirac into two Diracs
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M o .
P T ™

fo -

Transport plan i example 3/4 : splitting a Dirac into two Diracs

(No transport map)
. lezia—
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/\’
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Transport plan i example 4/4 : splitting a Dirac into two segments
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/\’
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Transport plan i example 4/4 : splitting a Dirac into two segments

(No transport map)
I lrzia—~



Part. 2 Optimal Transport i Duality




Part. 2 Optimal Transport i Duality

o

(7’;7"“ . o _

T
| ~i L/ ")~ WA
(x//) w3 |

Duality is easier to understand with a discrete version
Then weoll go back to the <co

I‘w’“f—
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Min <c, o>
. - P,o=uU
AR, L EENES s.t.-P0=V
¥k .- 00
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Min <c, 2>
. - P,o=u
AR, ERE s.t. P0=V
Wﬁ)-' .20 0
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Min <c, o>
) CP,o=u
AR 4 RER s.t. Po=v
( y ﬂ b 20 0
}J 'y e
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T 0
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Min <c, o>

~ mnXm——:—>PlO:U
st. 1 P,o=v

Part. 2 Optimal Transport i Duality
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< u, v > denotes the dot product between u and v S.t. - 5 J

—

u
\%
0

9

Consider L(l’j,Y) =<c, 22 -<0,P,0-u>-<y,P,0-v>
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Consider L(l’j,Y) =<c, 22 -<0,P,0-u>-<y,P,0-v>

Remark: Sup[ L{Y)]=<c,o>ifP,9=uand P,2=v
G| IR
yl IR"
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U T
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19
St h 20
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Consider L(l’j,Y) =<c, 22 -<0,P,0-u>-<y,P,0-v>

Remark: Sup[ L{Y)]=<c,o>ifP,9=uand P,2=v
G| IR
YL IR = +BD ot her wi se

Consider now: Inf [ Sup| L(ﬂ,Y) ] ]

i IRM
20 00
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2,0

U T

u
S.t. - Vv
0

&
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Consider L(l’j,Y) =<c, 22 -<0,P,0-u>-<y,P,0-v>

Remark: Sup[ L{Y)]=<c,o>ifP,9=uand P,2=v
G| IR

YL IR = +BD ot her wi se
Consider now: Inf [ Sup[ L{.Y)1] = Inf[ <c, o> ]
26 ¢ LIR 250 0
Y IR P,o= U

P,o=Vv
2o —
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P,o=u
.0 0
ConsiderL(l’j,Y):<c, 0> -<(},P,0-u>-<y,P,0-v>
Remark: Sup[ L{Y)]=<c,o>ifP,9=uand P,2=v
G IR
YL IR = +BD ot her wi se
Consider now: Inf[ Sup[ LdLLY)]1] = Inf[ <c,9> ] (DMK)
26 ¢ LIR 20 0
y | IR" P,o=u

P,o=Vv
2o —
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Min <c, 0>
- P,o=u
st. 1 P,o=v
.20 O
Inf [ Sup[ <c, 2>-<G,P,9-u>-<y,P,0-v>]]
26 ¢ L IRT
yl IR"
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.9
S.t. , 0

©O U T

u
Vv
: 0

Inf [ Sup[ <c, 2>-<G,P,9-u>-<y,P,0-v>]]

a0 G [ IR™
000 v | IR Exchange Inf Sup

Sup| Inf[ <c, 0> - <{,P;0-u>-<y,P,0-v>1]]

Gl IR"20 0
yl IR"
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0
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Inf [ Sup[ <c, 2>-<G,P,9-u>-<y,P,0-v>]]

- {1 l IRm
20 %l IR" Exchange Inf Sup

Sup| Inf[ <c, 0> - <{,P;0-u>-<y,P,0-v>1]]

(| IR™ 5C
;[l IRN °0 0 Expand/Reorder/Collect

Sup| Inf[ <9,c-P,tlT PtY >+ <G,u>+<y,v>]]

G IR" 500
yl IR

I"'m’“f—




DMK):
Part. 2 Optimal Transport i Duality e

Min <c, o>
- P,o=u
S.1. P,o=vV
.20 O

Inf [ Sup[ <c, 2>-<G,P,9-u>-<y,P,0-v>]]

- {1 l IRm
20 %l IR" Exchange Inf Sup

Sup| Inf[ <c, 0> - <{,P;0-u>-<y,P,0-v>1]]

] IRM5C
y ll R °0 0 Expand/Reorder/Collect

Sup| Inf[ <9,c-P,tlT PtY >+ <G,u>+<y,v>]]
Gl IR"20 0
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.9
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—

Sup|[ Inf[ <9,c-P,tlT PtY >+ <G,u>+<y,v>]]
Gl IR"M2O0 0O

Sup[ <G,u> + <y, v> ] (DDMK)

G IR™
yl IR" .
P,ti+ Pty OC
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.9
S.t. , 0

©O U T

u
Vv
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—

Sup|[ Inf[ <9,c-P,tlT PtY >+ <G,u>+<y,v>]]
Gl IR"M2O0 0O

Sup| <aG,u> + <y, v> ] (DDMK)
G| IRM
P — G +y; Oc; V(i)

P,tii+ Pty OCc €=
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Part. 2 Optimal Transport i Kantorovich dual

Kant orovichoés probl em:

Find a measure defined onX x Y
such thal J,,  do(x,y) = de ()
and{J, , do(xy) = da(x)

that minimizesU, W 11 7 y |12 dogy)

Dual formul ati on of Kant or ovi

Find two functionsi in L'(e) andy in L(3)
Such that for alk,y, G(x) +y(y) OVy|F]| | X

that maximizeQ Ude - L,JY ds

I“W—
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Kantorovichos probl

Find a measure defined onX x Y Your point of view:

- Try to minimize transport cost
such thal J,,  do(x,y) = de ()

and{J, , do(xy) = da(x)

that minimizesU, W 11 7 y |12 dogey)

Dual formul ation of Kantorovichos probl

Find two functiongiin L'(g) andy in L(3)
Such that for alk,y, G(x) +y(y ) OVIF| | x

that maximizeQ Ude - L,JY ds
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Part. 2 Optimal Transport i Kantorovich dual

Kantorovichos probl

Find a measure defined onX x Y Your point of view:

- Try to minimize transport cost
such thall J,, « do(x,y) = de (x)

and{J, , do(xy) = da(x)

that minimizesU, W 11 7 y |12 dogey)

Dual formul ation of Kantorovichos probl

Find two functiongiin L'(g) andy in L(3)
Such that for alk,y, G(x) +y( y ) OVyIP
Point of view of a

that maximizeu Uds - UY ds Try to maximize transport price

I&zu’a,-
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Kantorovichos probl

Find a measure defined onX x Y Your point of view:

- Try to minimize transport cost
such thal J,,  do(x,y) = de ()

and{J, , do(xy) = da(x)

that minimizesU, W 11 7 y |12 dogey)

Dual formul ation of Kantorovichos probl

Find two functiongiin L'(g) andy in L(3)
Such that for alk,y, G(x) +y(y ) OVIF| | x
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What they charge for loading at x
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Kantorovichos probl

Find a measure defined onX x Y Your point of view:

- Try to minimize transport cost
such thall J,, « do(x,y) = de (x)

and{J, , do(xy) = da(x)

that minimizesU, W 11 7 y |12 dogey)

Dual formul ation of Kantorovichos probl

Find two functiongiin L'(g) andy in L(3)
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Kantorovichos probl

Find a measure defined onX x Y Your point of view:

- Try to minimize transport cost
such thall J,, « do(x,y) = de (x)

and{J, , do(xy) = da(x)
that minimizest& X1y |[? dox,

g 1Ty 1 dotey) Price (loading + unloading) cannot
be greater than transport cost

Dual formulation of (else you do the job yourself)

Find two functiongiin L'(g) andy in L(3)
Such that for alk,y, G(x) +y( y ) OVyIP

that maximizeQ l,j(X)da + UY (y)ds

What they charge for loading at x What they charge for unloading at y

I&zu’a,-



Part. 2 Optimal Transport i c-conjugate functions

Dual formulation of Kantorovichoés probl

Find two functiongi in L'(g) andy in L'(3)
Such that for alk,y, G(x) +y('y) OVIR| | x

that maximizeQ l,j(X)ds + L,JY (y)ds
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Dual formulation of Kantorovichoés probl

Find two functiongi in L'(g) andy in L'(3)
Such that for alk,y, G(x) +y( 'y ) OVIRL| X

that maximizeQ l,j(X)ds + UY (y)ds

If we got two functiongi andy that satisfy the constraint

Then it is possible to obtain a better solution by replagimgth i° defined by:
For all'y,G(y) =inf,,x 2|l Xi'y [F- G(y)
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Dual formulation of Kantorovichoés probl

Find two functiongi in L'(g) andy in L'(3)
Such that for alk,y, G(x) +y( 'y ) OVIRL| X

that maximizeQ l,j(X)de + UY (y)ds

If we got two functiongi andy that satisfy the constraint

Then it is possible to obtain a better solution by replagimgth i° defined by:
For all'y,G(y) =inf,,x 2|l Xi'y [F- G(y)

Adcis called thee-conjugatefunction of (i
Alf there is a functiorii such thay = (ictheny is said to be-concave

Alf y is cconcave, they =y
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Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds




Part. 2 Optimal Transport i c-conjugate functions

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

y iscaledaiKant orovich potential o




Part. 2 Optimal Transport i c-subdifferential

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

y iscaledaiKant orovich potential o

What about our initial problem ?




Part. 2 Optimal Transport i c-subdifferential

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

y iscaledaiKant orovich potential o

What about our initial probl em ? (i1 . e




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.

V(x,y) € 00, VU(z) — Vyc(x,y) =0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).

Proof. see OTON, chap. 10.




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(z,y) € 0cth, Vip(z) — Vae(z,y) = 0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).

Proof. see OTON, chap. 10.
Heuristic argument (at the beginning of the same chapter):




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).
Proof: see OTON, chap. 10.
Heuristic argument (at the beginning of the same chapter):

Consider a point (x,y) on the c-subdifferential d.¢), that satisfies ¢(y) + () = c(z,y) (1).




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).
Proof: see OTON, chap. 10.
Heuristic argument (at the beginning of the same chapter):

Consider a point (x,y) on the c-subdifferential 9.1, that satisfies ¢(y) + 1 (x) = c(x,y) (1).
+ c

By definition, ¢(y) = 9*(y) = infe(z, y) — 9 (z), thus V7, §(y) < ¢(Z,y) — ¥(2), or ¢(y)
By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where .10 = {(z,y)|p(x) + ¥(y) = c(x,y)} denotes the so-called c-subdifferential of 1.
Proof: see OTON, chap. 10.

Heuristic argument (at the beginning of the same chapter):

By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.

Imagine now that ¥ follows a trajectory parameterized by € and starting at . One can compute the gradient
along an arbitrary direction w by taking the limit when € tends to zero in the relation d)(m);w(m) < C(m’y)zc(m’y).




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where .10 = {(z,y)|p(x) + ¥(y) = c(x,y)} denotes the so-called c-subdifferential of 1.
Proof: see OTON, chap. 10.

Heuristic argument (at the beginning of the same chapter):

By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.

Imagine now that ¥ follows a trajectory parameterized by € and starting at . One can compute the gradient
along an arbitrary direction w by taking the limit when € tends to zero in the relation d)(m);w(m) < C(m’y)zc(m’y).




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.
V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where .10 = {(z,y)|p(x) + ¥(y) = c(x,y)} denotes the so-called c-subdifferential of 1.
Proof: see OTON, chap. 10.

Heuristic argument (at the beginning of the same chapter):

By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.

Imagine now that ¥ follows a trajectory parameterized by € and starting at . One can compute the gradient
along an arbitrary direction w by taking the limit when € tends to zero in the relation d)(m);w(m) < C(m’y)zc(m’y).




Part. 2 Optimal Transport i c-subdifferential

Theorem 1.

V(x,y) € 0.0, VU(x) — Vye(x,y) =0
where .10 = {(z,y)|p(x) + ¥(y) = c(x,y)} denotes the so-called c-subdifferential of 1.
Proof: see OTON, chap. 10.

Heuristic argument (at the beginning of the same chapter):

By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.

Imagine now that ¥ follows a trajectory parameterized by € and starting at . One can compute the gradient
along an arbitrary direction w by taking the limit when € tends to zero in the relation d)(m);w(m) < C(m’y)zc(m’y).
Thus we have Vi (z) - w < Vye(z,y) - w

I&'z



Part. 2 Optimal Transport i c-subdifferential

Theorem 1.

V(x,y) € 00, VU(z) — Vyc(x,y) =0
where 0.4 = {(z,y)|o(x) + Y (y) = c(z,y)} denotes the so-called c-subdifferential of ).

Proof. see OTON, chap. 10.
Heuristic argument (at the beginning of the same chapter):

Consider a point (x,y) on the c-subdifferential d.¢), that satisfies ¢(y) + () = c(z,y) (1).
By definition, ¢(y) = ¥°(y) = igf c(xz,y) — (x), thus Vz, ¢(y) < c(Z,y) — ¥(Z), or ¢(y) + c
By substituting (1) into (2), one gets () — ¥ (x) < ¢(Z,y) — c(z,y) for all Z.

Imagine now that ¥ follows a trajectory parameterized by € and starting at . One can compute the gradient
along an arbitrary direction w by taking the limit when € tends to zero in the relation d)(m);w(m) < C(m’y)zc(m’y).

Thus we have Vi (z) - w < Vye(z,y) - w
The same derivation can be done with —w instead of w, and one gets:

Vw, Vip(x) - w = Vye(z,y) - w, thus V(z,y) € 0.4, Vip(x) — Vee(x,y) = 0.

I&'z



Part. 2 Optimal Transport i c-subdifferential

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

In the Ly case, ie. c(x,y) = 1/2||z — y||?, we have ¥(x,y) € 0.9, Vip(z) +y —x = 0, thus, whenever the
optimal transport map T exists, we have T(z) = x — Vi (z) = V(|z[?/2 — ¥ (x)).




Part. 2 Optimal Transport i c-subdifferential

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

In the Ly case, ie. c(x,y) = 1/2||lz — y||?, we have V(z,y) € 0.4, Vip(x) + 1y —

= 0, thus, whenever the
optimal transport map T exists, we have T(z) = x — Vi (z) = V(|z[?/2 — ¥ (x)).

grady (x) withy (x) := (Y2 X- y (X))




Part. 2 Optimal Transport i convexity

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

In the Ly case, ie. c(x,y) = 1/2||z — y||?, we have ¥(x,y) € 0.9, Vip(z) +y —x = 0, thus, whenever the
optimal transport map T exists, we have T(z) = x — Vi (z) = V(|z[?/2 — ¥ (x)).

grady (x) withy (x) := (Y2 X- y (X))
Yy IS convex




Part. 2 Optimal Transport i convexity

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

In the Ly case, ie. c(x,y) = 1/2||z — y||?, we have ¥(x,y) € 0.9, Vip(z) +y —x = 0, thus, whenever the
optimal transport map T exists, we have T(z) = x — Vi (z) = V(|z[?/2 — ¥ (x)).

grady (x) withy (x) := (Y2 X- y (X))
Yy IS convex

Proof.

ba) = inf I —g(y)




Part. 2 Optimal Transport i convexity

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

In the Ly case, ie. c(x,y) = 1/2||z — y||?, we have ¥(x,y) € 0.9, Vip(z) +y —x = 0, thus, whenever the
optimal transport map T exists, we have T(z) = x — Vi (z) = V(|z[?/2 — ¥ (x)).

grady (x) withy (x) := (%2 ¥- y (X))
Yy IS convex

[ W(z) = 11;f’ yl” — ¢(y)

=ty B g

L @) = e - —inf ey (1))

U (x) — supz-y— (llyll ¢»(y))

Yy




Part. 2 Optimal Transport i no collision

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

If T(.) exists, then

T(x) = xT grady (x) = grad (%2 % y(X) ) y is convex
grady (X) l

Two transported particles ¢




Part. 2 Optimal Transport i no collision

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

If T(.) exists, then
T(x) = xT grady (x) = grad (V2 % Y (x) ) y is convex

grady (X) l

Two transported particles ¢
Proof. By contradiction, suppose that you have t € (0,1) and x; # x2 such that:

(1 — t)ﬂjl + tT(QS‘l) = (1 — t)il?g + tT(:I?g)




Part. 2 Optimal Transport i no collision

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

If T(.) exists, then
T(x) = xT grady (x) = grad (V2 % Y (x) ) y is convex

grady (X) l

Two transported particles ¢
Proof. By contradiction, suppose that you have t € (0,1) and x; # 2 such that:

(1 — t)ﬂjl + tT(QS‘l) = (1 — t)il?g + tT(:I?g)

(1 — f):]jl + tV@(;‘cl) ~ ~ — t)iEQ + tV’tf_)(Iz)
(1 =) (r1 — x2) + E(VY(21) — Vip(22))
Vo,(1—=t)v- (1 — x2) +tv- (VY(z1) — Vp(x2))

take v = (x1 — x2)

(1 =tz — za|® + t(21 — 22) - (Veo(21) — Vip(22)) = 0 ‘

(1
0
0




Part. 2 Optimal Transport i Monge-Ampere

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesuy (X)de + UY (y)ds
What about our initial problem ? If T(.) exists, then one can show that:
T(x) = x7 grady (x) = grad (2 % y(X) )
grady (x) withy(x) := (2 ¥-y (X))

for all borelset A, L) ds = Q(A) (|JT|)ds (change of variable)

/

Jacobian of T (15t order derivatives)
I &Izu’a,-



Part. 2 Optimal Transport i Monge-Ampere

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesuy (X)de + UY (y)ds
What about our initial problem ? If T(.) exists, then one can show that:

T(x) = x7 grady (x) = grad (2 % y(X) )

grady (x) withy (x) := (2 ¥- y (X))

for all borelsetA,st = L;J(A) (lJTl)d3 = Q(A)(/l"l Y ) ds

. Det. of the Hessian of y (2" order derivatives)
I lrrzia—



Part. 2 Optimal Transport i Monge-Ampere

Dual formulation of Kantorovichoés probl

Find a econcave functiory

that maximizesQY (X)de + QY (y)ds

What about our initial problem ?
T(x) = x7 grady (x) = grad (2 % y(X) )

grady (x) withy (x) := (2 ¥- y (X))

for all borelsetA,st = L;J(A) (lJTl)d3 = L;'(A) (H Y ) ds

Monge-Ampeére

Whene ands have a density u and v, fx)). v(grady(x)) = U(X)‘ equation
|[;m,—




Part. 2 Optimal Transport i summary
4 )

Find a transport map T that minimizes C(Tuc || X T T(X) ||? de(x)
\ Y,




Part. 2 Optimal Transport i summary
4 )

Find a transport map T that minimizes C(Tuc || X T T(X) ||? de(x)
\ Y,
4 N

Af ter sever al rewri tes anhn
(Kantorovich formulation, dual,-convex functions)

J




Part. 2 Optimal Transport i summary

4 N
Find a transport map T that minimizes C(Tuc || X T T(X) ||? de(x)

\ Y,

4 N

After sever al rewri tes an

(Kantorovich formulation, dual,-convex functions) )

4 A

Solve (Hy (x)). v(grady(x)) =u(x) MongeAmpéreequation
(Whene and3 have a density u and v resp.)
\ Y,




Part. 2 Optimal Transport i summary
4 )

Find a transport map T that minimizes C(Tuc || X T T(X) ||? de(x)

\_ Y,
e N
Af t er sever al rewrili tes anh

(Kantorovich formulation, dual,-convex functions)
4 A

Solve (Hy (x)). v(grady(x)) =u(x) MongeAmpéreequation
(Whene and3 have a density u and v resp.)

. Y,

. _ p

Brenier, Mc Cann, Trudinger : The optimal transport map is then given |

T(X) = grady (x)

Dy

\- J
I@W—



3

Semi-Discrete Optimal Transport

N



Part. 3 Optimal Transport i how to program ?
(X;e) (Y;3)

o . - -
b




