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What I canôt create  

I donôt understand

Richard Feynman
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Goal #1: ñUnderstandingò

Jos Stam, 

Stable Fluids, 1999

The art of fluid sim.

Understand fluids

Explain

Program
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Part. 1 Optimal Transport

Goal #1: ñUnderstandingò
Your mission statement:

1. Understand the stuff

2. Explain it in simple terms

Be a good teacher, to others and to yourself

Know what you know and what you donôt know

Try to know what you donôt know

3. Program it
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Gaspard Monge ïgeometry and light   

ANR TOMMI Workshop



Cédric Villani

Optimal Transport Old & New

Topics on Optimal Transport

Yann Brenier

The polar factorization theorem

(Brenier Transport)

Part. 1 Optimal Transport

Monge-Brenier-Villani, the french connection   
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[Castro, Merigot, Thibert 2014]

Optimal transport 

geometry and light

[Caffarelli, Kochengin, and Oliker 1999]



Part. 1 Optimal Transport ïImage Processing

Barycenters / mixing textures

Video-style transfer, 

A.I., ñdata sciencesò

[Nicolas Bonneel, Julien Rabin, Gabriel 

PeyrӢe, Hanspeter Pfister]
[Nicolas Bonneel, Kalyan Sunkavalli, Sylvain 

Paris, Hanspeter Pfister]

[Marco Cuturi, Gabriel Peyré]
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Optimal transport - geometry and light

[Chwartzburg, Testuz, Tagliasacchi, Pauly, SIGGRAPH 2014] 



Part. 1. Motivations 

Discretization of functionals involving  the Monge-Ampère operator, 

Benamou, Carlier, Mérigot, Oudet

arXiv:1408.4536

The variational formulation of the Fokker-Planck equation

Jordan, Kinderlehrer and Otto

SIAM J. on Mathematical Analysis

Geostrophic current
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How to ñmorphò a shape into another one of same mass 

while minimizing the ñeffortò ?

?

T

The ñeffortò of the best T defines a distance between the shapes
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?

T

ñminimum action principleòñconservation lawò
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Part. 1 Optimal Transport

ñminimum action principle subject to conservation lawò

OT=

Yann Brenier: 

ñEach time the Laplace operator is used in a PDE, 

it can be replaced with the Monge-Ampère operatorò

New ways of simulating physics with a computer

Fast Fourier Transform Fast OT algo. ???
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an elementary introduction
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Part. 2 Optimal Transport ïMongeôsproblem

(X;ɛ) (Y;ɜ)

Two measures  ɛ, ɜsuch that  Údɛ(x) = Údɜ(x)
X Y
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A map T is a transport mapbetween ɛand ɜif

ɛ(T-1(B)) = ɜ(B) for any Borel subset B of Y

(X;ɛ) (Y;ɜ)

(Borel subset = subset that can be measured)
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A map T is a transport mapbetween ɛand ɜif

ɛ(T-1(B)) = ɜ(B) for any Borel subset B of Y

B
T-1(B)

(X;ɛ) (Y;ɜ)



Part. 2 Optimal Transport ïMongeôsproblem

A map T is a transport mapbetween ɛand ɜif

ɛ(T-1(B)) = ɜ(B) for any Borel subset B of Y

Notation: if T is a transport mapbetween ɛand ɜ

then one writes  ɜ= T#ɛ(ɜ is the pushforwardof ɛ)

(X;ɛ) (Y;ɜ)
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Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

(X;ɛ) (Y;ɜ)
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Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

ÅDifficult to study

ÅIf ɛhas an atom (isolated Dirac), 

it can only be mapped to another Dirac 

(T needs to be a map)
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Part. 2 Optimal Transport ïMongeôsproblem

Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

Transport from a measure concentrated on L1 onto another one concentrated on L2 and L3

The infimum is never realized by a map, need for a relaxation
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Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

Kantorovichôs problem (1942):

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɜ(y)

and Úy in Y dɔ(x,y) = dɛ(x)
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Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

Kantorovichôs problem:

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɜ(y)

and Úy in Y dɔ(x,y) = dɛ(x)

that minimizes ÚÚX x Y || x ïy ||2 dɔ(x,y)

ñɔ(x,y)ò :

How much sand goes from x to y
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Mongeôsproblem:

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

Kantorovichôs problem:

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɜ(y)

and Úy in Y dɔ(x,y) = dɛ(x)

that minimizes ÚÚX x Y || x ïy ||2 dɔ(x,y)

Everything that is 

transported to ysums to ñɜ(y)ò
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Transport plan ïexample 1/4 : translation of a segment
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Transport plan ïexample 2/4 : spitting a segment
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Transport plan ïexample 3/4 : splitting a Dirac into two Diracs

(No transport map)
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Transport plan ïexample 4/4 : splitting a Dirac into two segments
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Transport plan ïexample 4/4 : splitting a Dirac into two segments

(No transport map)
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Part. 2 Optimal Transport ïDuality

Duality is easier to understand with a discrete version

Then weôll go back to the continuous setting.
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Consider L (ű,ɣ) = <c,ɔ> - <ű, P1ɔ- u> - <ɣ, P2ɔ- v>

(DMK):

Min  <c,ɔ>

P1ɔ= u

s.t.      P2ɔ= v

ɔÓ 0
< u, v > denotes the dot product between u and v
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űɭIRm

ɣɭIRn
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Kantorovichôs problem:

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɛ(x)

and Úy in Y dɔ(x,y) = dɜ(x)

that minimizes ÚÚX x Y || x ïy ||2 dɔ(x,y)

Dual formulation of Kantorovichôs problem (Continuous):

Find two functions űin L1(ɛ)  and ɣin L1(ɜ)

Such that for all x,y, ű(x) + ɣ(y) Ò İ|| x ïy ||2

that maximizeÚXűdɛ+ ÚYɣdɜ
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Kantorovichôs problem:

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɛ(x)

and Úy in Y dɔ(x,y) = dɜ(x)

that minimizes ÚÚX x Y || x ïy ||2 dɔ(x,y)
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Such that for all x,y, ű(x) + ɣ(y) Ò İ|| x ïy ||2

that maximizeÚXűdɛ+ ÚYɣdɜ
Point of view of a ñtransport companyò:

Try to maximize transport price

Your point of view:

Try to minimize transport cost
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Kantorovichôs problem:

Find a measure ɔdefined on X x Y

such that Úx in X dɔ(x,y) = dɛ(x)

and Úy in Y dɔ(x,y) = dɜ(x)

that minimizes ÚÚX x Y || x ïy ||2 dɔ(x,y)

Dual formulation of Kantorovichôs problem:

Find two functions űin L1(ɛ)  and ɣin L1(ɜ)

Such that for all x,y, ű(x) + ɣ(y) Ò İ|| x ïy ||2

that maximizeÚXű(x)dɛ+ ÚYɣ(y)dɜ

What they charge for loading at x What they charge for unloading at y

Price (loading + unloading) cannot

be greater than transport cost

(else you do the job yourself)

Your point of view:

Try to minimize transport cost
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Dual formulation of Kantorovichôs problem:

Find two functions űin L1(ɛ)  and ɣin L1(ɜ)

Such that for all x,y, ű(x) + ɣ(y) Ò İ|| x ïy ||2

that maximizeÚXű(x)dɛ+ ÚYɣ(y)dɜ
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For all y, űc(y) = inf x in X ½|| x ïy ||2 - ű(y)



Part. 2 Optimal Transport ïc-conjugate functions

Dual formulation of Kantorovichôs problem:

Find two functions űin L1(ɛ)  and ɣin L1(ɜ)

Such that for all x,y, ű(x) + ɣ(y) Ò İ|| x ïy ||2

that maximizeÚXű(x)dɛ+ ÚYɣ(y)dɜ

If we got two functions űand ɣthat satisfy the constraint 

Then it is possible to obtain a better solution by replacing ɣwith űc defined by:

For all y, űc(y) = inf x in X ½|| x ïy ||2 - ű(y)

Åűc is called the c-conjugatefunction of ű

ÅIf there is a function űsuch that ɣ= űc then ɣis said to be c-concave

ÅIf ɣ is c-concave, then ɣ cc = ɣ 



Part. 2 Optimal Transport ïc-conjugate functions

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ



Part. 2 Optimal Transport ïc-conjugate functions

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

ɣis called a ñKantorovich potentialò



Part. 2 Optimal Transport ïc-subdifferential

What about our initial problem ?

ɣis called a ñKantorovich potentialò

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ



Part. 2 Optimal Transport ïc-subdifferential

What about our initial problem ?  (i.e., this is T() that we want to find é)

ɣis called a ñKantorovich potentialò

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ



Part. 2 Optimal Transport ïc-subdifferential
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Proof: see OTON, chap. 10.
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Part. 2 Optimal Transport ïc-subdifferential

Proof: see OTON, chap. 10.

Heuristic argument (at the beginning of the same chapter): 

-w



Part. 2 Optimal Transport ïc-subdifferential

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ



Part. 2 Optimal Transport ïc-subdifferential

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

{

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))



Part. 2 Optimal Transport ïconvexity

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

{

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))

ɣis convex
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Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

{

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))

ɣis convex



Part. 2 Optimal Transport ïconvexity

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

{

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))

ɣis convex



Part. 2 Optimal Transport ïno collision

If T(.) exists, then 

T(x) = x ïgrad ɣ(x) = grad (½ x2- ɣ(x) )  {
grad ɣ(x)  

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

ɣis convex

Two transported particles cannot ñcollideò
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Part. 2 Optimal Transport ïno collision

If T(.) exists, then 

T(x) = x ïgrad ɣ(x) = grad (½ x2- ɣ(x) )  {
grad ɣ(x)  

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

ɣis convex

Two transported particles cannot ñcollideò



Part. 2 Optimal Transport ïMonge-Ampere

What about our initial problem ?   If T(.) exists, then one can show that:

T(x) = x ïgrad ɣ(x) = grad (½ x2- ɣ(x) )  
{

for all borelset A, ÚA dɛ=ÚT(A) (|JT|) dɜ(change of variable)

Jacobian of T (1st order derivatives)

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))



Part. 2 Optimal Transport ïMonge-Ampere

What about our initial problem ?   If T(.) exists, then one can show that:

T(x) = x ïgrad ɣ(x) = grad (½ x2- ɣ(x) )  
{

for all borelset A, ÚA dɛ=ÚT(A) (|JT|)dɜ= ÚT(A) (H ɣ) dɜ

Det. of the Hessian of ɣ(2nd order derivatives)

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))



Part. 2 Optimal Transport ïMonge-Ampere

What about our initial problem ?

T(x) = x ïgrad ɣ(x) = grad (½ x2- ɣ(x) )  
{

When ɛand ɜhave a density u and v, (Hɣ(x)). v(grad ɣ(x)) = u(x)
Monge-Ampère

equation

for all borelset A, ÚA dɛ=ÚT(A) (|JT|) dɜ= ÚT(A) (H ɣ) dɜ

Dual formulation of Kantorovichôs problem:

Find a c-concave function ɣ

that maximizesÚXɣ(x)dɛ+ ÚYɣ
c(y)dɜ

{
grad ɣ(x) with ɣ(x)  := (½ x2- ɣ(x))
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Part. 2 Optimal Transport ïsummary

Find a transport map T that minimizes C(T) = ÚX || x ïT(x) ||2 dɛ(x)

After several rewrites and under some conditionsé. 

(Kantorovich formulation, dual, c-convex functions)

Brenier, Mc Cann, Trudinger : The optimal transport map is then given by:

T(x) =  grad ɣ(x)  

Solve (Hɣ(x)). v(grad ɣ(x)) = u(x) Monge-Ampèreequation 
(When ɛand ɜhave a density u and v resp.) 



Semi-Discrete Optimal Transport

3



Part. 3 Optimal Transport ïhow to program ? 

Continuous

(X;ɛ) (Y;ɜ)


