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Optimal Transport in data science
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Monge optimal transport

How to transfer the mass

Push forward pu, = T#y,

from pu, to y; at minimal cost? »
VA, wy(A) = po(T~'(A)

T-1A) = {x, T(x) € A}

Total cost of the mass transfer = sum of costs of displacements

of elementary masses.

inf [c(x, T(x))duy(x)

T pg=p,




Finding T777

Difficult Problem, lack of symmetry, not convex.

No unicity No solution




Linear programming

A.N.Tostoi, 1930 F.L. Hitchcock, 1941
L. Kantorovich, 1939 T.C. Koopmans, 1942

G. Dantzig, J. Von Neumann,
40’s, 50’s




Couplings

: f
- e ﬂ/ /41

Couplings

(g, ;) = probability distributions on X X X with marginals y,
and y,
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(General formulation

|[Kantorovich, On the transfer of masses, 1942]

WC(:LL07 :ul) — inf / C(QZ, y)d’}/(ﬂi’, y)
X XX

’YEH(,LL(),,LLl)

Discrete case: py = Z S; Oy M1 = Z tjéyj with Z S, = th
J i J

l

Ho

(g, 1) = {matrices y s.t.y; i 2 0, Z Vij =1 Z Vij = Si}
i J



Monge-Kantorovich

Monge, 1781 Kantorovich, 1939
- inf d
it / c(z, T(z))duo(z) o / c(z,y)dy(z,y)

Brenier, 1991 If c(x,y) = ||x — y||%, if py has a density, Monge

problem has a solution 7= Vy where y unique convex tunction s.t.

Vy#u, = pu, . The plan y = (Id, T')#u, is solution of Kantorovich pb.
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Displacement interpolation:
p, = (1 = Dld + 1T)#pg, t € [0,1]




Wasserstein distances

If c(x,y) =d(x,y)Y with p > 1 and d a distance,

W, (ko 11 =< int HC(x,y)dy(x,y)>p

yE(pg,p1)

defines a distance between probability measures.

p=2 or 1 used in numerous applications



Wasserstein barycenters

Barycenter of (u;)icqo,... 1—13, weights > . A\; =1

Hbary € argmin Z Ai W22 (,LLZ, /0)

P

Prop. |Agueh, Carlier 2011|: existence and unicity of the barycenter for

c(x,y) = || - y||? if the y; vanish on small sets.
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|Solomon et al. 2015]



Optimal transport in one
dimension



Optimal Transport in 1D

On R, if c¢(x,y) =f(|x —y|) with f convex,
1

W, (g 1) = J FUESN ) = =0
0

with Fjy and /7, the distribution functions of y, and ;,. Moreover, it u, has

no atoms, T = F,”' o F, is solution of the Monge problem.
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OT between (Gaussians



Optimal transport between Gaussians

i = N(m;,%;),4 € {0,1} two Gaussian distributions on R¢

WQQ(:UO),ul) — ||m0 — m1||2 —+ tr (EO —+ 21 — 2 (232123) 2)

—_—————
32(20721)

If >Jp non-singular, affine optimal map

T(x) = my + % (232123) 502 (2 — mo)




Barycenters between (Gaussians

i =N(m;,%;),i € {0,...,I —1} Gaussian distributions on R?

Barycenter [Aguch, Carlier 2011]:
I—1
argmin,, Y AW (i, ) = N(m*, 5%)
=0

> Aimg > = mgnZAiB(Z, ;)2
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S Texture mixing [Xia et al, 2014|
illustration: Cuturi, Peyré, OT book




Numerical approaches



Linear programming

KO Kl
Input p, = Zsl- Oy M1 = théyj with ZSZ- = thz 1
i=1 =1 i j
(LP) argmin 2 ¢; ¥ with
yEM(po,pt1) i

H(pp, 1) = {matrices y sty 20, Z Vij = Z Vij = Si}
i J

One solution has less than K+ K; — 1 values #0

Assignment: Hungarian algo. [Kuhn 1995] O(N3), Auction [Bertsekas 1992]
LP: Network Simplex [Cunningham 1976]O(N3)

Dynamic formulation [Brenier, Benamou 2000]

Semi-discrete OT [Meérigot 11, Levy 15

Sliced OT |Rabin et al. 11, Rabin et al.15]

Entropic OT [Cuturi 13,.. /]



Sliced optimal transport

Replace classical OT by

SW22 (Mo Hy) = { sz (Poftigs Doty )dO

§d-1

Discrete measures

=3 30w =1 30, rie= 1 B

SW%(#(»M) — [ Z | {x; — Yo, (i) 0) |2d9

Sd-1 "
with o, monotone rearrangement

between < uy, 0> and < pu;,0>.

...
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|[Rabin et al. 11, Rabin et al. 2015]



Assignment with Sliced OT

Stochastic gradient descent on

X = Ssz(l/txnul) = Z Z |<xi _ng(i)’ H> |2
0cO |

1d assignment

Convergence of y, toward u,



Entropic OT

Entropy of the matrix y H(y) = Z%,j(log(%,j) —1)
2,]
Entropic OT [Cuturi “13]

argmin Zc(xi, Yi)vii —H(Y)
vE(po,p1) i,

With K; ; = e~ =c(*i:Y5) the pb becomes

argmin Y i, 10g<%,j) — argmin KL(y||K)
el (po,p1) ;5 K4 YE (o, p1)

Sinkhorn algorithm = alternate projections of K on IT(y, 1)

A\ A R A\ B AN

= S ~ .

e=3x%x10"% e=103 e=1072 e=10"1



Sinkhorn algorithm

Prop: solution y of argmin KL(v||K) satisfies

YEI(po,p1)
S n les that 0T o
Ince y € , 1), 1t 1mplies that
Y (Ho» H1) p b KTq — 0
: 274 H1
Iterat : $ b <
erations: a o T,

Iterative projections on the constraints.

e Simple extension to compute barycenters of more than 2 measures
e Matrix-vector multiplications

e For regular grids, products Kx can be written as convolutions.

e Numerical pb when & — 0.



n superheroes!

Barycenters betwee
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Semi-discrete OT ?

Bruno Levy @BrunolLevyO1 - 26 oct.

La semaine prochaine (2-6 Nov), ne manquez pas |'école "Transport
Optimal" du GDR IGRV en dématérialisé. J'interviendrai le Vendredi 6 a

14h pour parler physique/maths/informatique.
Merci de me re-matérialiser juste apres !




Duality



Duality

Under mild conditions on the cost ¢ (L.s.c.),

We(po, p1) = Sup / Pdpio + / Yduy, where
¢7¢E(I)C(:u0nu1)

D (po, p1) = {d, ¢ € L* s.b. Va,y, ¢(x) +(y) < c(z,y)}-

¢, ¢ are called Kantorovich potentials

c-transform

¢ (y) = igf c(z,y) — o(y) We(po, t1) Sup /¢dﬂ0 4 /¢ i

qb c-concave

If cis a distance, then

Weltios ) = sup [ odpo — [ ddu

¢ Lipq



Some applications
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Texture synthesis and style transfer




(Generative networks

Eﬂdmu §== Generative

Emﬂﬂm..n Adversarial
S L Networks (GANS)
|Goodfellow et al. 2014]

Decoding

Probabilistic model in latent space

L PR,
~ et Tl lll-

WGAN |Arjowsky et al. 2017]
min Wll(G(z),,ul) with z ~ A4(0,])
G
e mMinimizes the Wl1 distance between the generated data and the

database distribution y,

e Wasserstein distance dual computation

min sup E, [¢(X)] — E,. yp[(G(2))]
G ¢p€Lip,

e avoid vanishing gradients of [Goodfellow et al. 2014]



Wasserstein (GANs

N .-, \’!
| 2N " 2% e
=y -

(zenerative models




Conclusion




